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We give a proof of universality in the bulk of spectrum of unitary matrix models, assum- 
ing that the potential is globally C^ and locally C^ function (see Theorem II. 2 1) . The proof is 
based on the determinant formulas for correlation functions in terms of polynomials orthog- 
onal on the unit circle. We do not use asymptotics of orthogonal polynomials. We obtain 
i-G ' the sm-kernel as a unique solution of a certain non-linear integro-differential equation. 
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1 Introduction 
> 

vQ ' In this paper we study a class of random matrix ensembles, known as unitary matrix models. 

This models are defined by the probability law 

cn 

■^ ■ n (rn rh, (TA = Z-1 (.^r^ J -nTrT/ I "^ 

OO 

O 



Pn {U) d^^n {U) = Z-l exp | -nTiV {^Af^^ } ^^n {U) , (1.1) 



where U = {Ujk}^ ^^i is a n x n unitary matrix, ^n (U) is the Haar measure on the group U{n), 
Zn,2 is the normalization constant and V : [—1,1] — > M"^ is a continuous function, called the 
^ ' potential of the model. Denote e*^^ the eigenvalues of unitary matrix U. The joint probability 

density of Xj, corresponding to (jl.ip . is given by (see [1]) 



p„(Ai,...,A„) = — Jl 

" ^<j<k<n 



Q^^j — Q^^k 



2 

exp < 



n 

-ny ^ V (cos Aj) 



(1.2) 



To simplify notations, below we write V (x) instead of V (cosx). Normalized Counting Measure 
of eigenvalues (NCM) is given by 

Nn{A) = n-H{x'f'^ eA,l = l,...,n}, Ac[-7r,^]. (1.3) 

The random matrix theory deals with several asymptotic regimes of the eigenvalue distribu- 
tion. The global regime is centered around weak convergence of NCM (|1.3p . Global regime for 
unitary matrix models was studied in [5]. We will use the main result of [2j: 

Theorem 1.1 Assume that the potential V of the model (jl.ip is a C^ (— tt, tt) function. Then: 

• there exists a measure N € ^Al ([— 7r,7r]) with a compact support a, such that NCM Nn 
converges in probability to A^; 



N has a bounded density p; 

denote pn '■= Pi the first marginal density, then for any cj) € H^ (~^) ^) 

(/> (A) Pn (A) d\- j <t^{\)p (A) dA < C ||<^||^/' ll^'ll J/' n-i/2 In^s n, (1.4) 

where ||-||2 denotes L2 norm on [— vr, tt] 
One of the main topics of local regime is universality of local eigenvalue statistics. Let 

Pl' (Ai, . . . , A;) = / p„ (Ai, . . . , A/, A/+1, . . . , A„) (iA/+i . . . d\n (1.5) 



be the I -th marginal density of p„. 

Definition 1.1 We call by the bulk of the spectrum the set 

{AGa : p(A)>0}, (1.6) 

where p is defined in Theorem ll.il 
The main result of the paper is the proof of the universality conjecture in the bulk of spectrum: 

^lim [npn (A)]-' pS") (a + ^^, . . . , A + ^^) = det {S {x, - x,)}5 ,^, , (1.7) 

where 

sinvrx 

S{x) = . 1.8) 

vrx 

In accordance with (jl.7|) . limiting local distributions of eigenvalues do not depend on potential 

V in (jl.ip . modulo some weak condition (see Theorem 1 1.2p . The conjecture of universality of all 
correlation functions was suggested by Dyson (see [3) in early 60-th who proved (jl.7p - (jl.Sp for 

V (x) = 0. First rigorous proofs for Hermitian matrix models with non quadratic V appeared 
only in 90-th. The case of general V which is locally C^ function was studied in [4j. The case 
of real analytic potential V was studied in [5], where the asymptotics of orthogonal polynomials 
were obtained. For unitary matrix models bulk universality was proved for V = (see [3]) and 
in the case of a linear V (see (6j). 

To prove the main result we need some properties of the polynomials orthogonal with a 
variable weight on the unit circle. Consider the system of functions {e*^'^} , _„ and use for them 
the Gram-Shmidt procedure in L2 ([— vr, vr] , e"" ' •*) . For any n we get the system of functions 
< P^ (A) > which are orthogonal and normalized in L2 ([— vr,vr] ,6""^'^^) . Since V is even, 
it is easy to see that all coefficients of these functions are real. Denote 

4")(A) = P,(")(A)e--^W/2. (1.9) 

Then we obtain the orthogonal in L2(— vr,7r) functions 



rr{\)i^r{\)d\ = 5u. (1.10) 



The reproducing kernel of the system (jl.9p is given by 

n-l 



i^„(A,^)=j;v}"^(A)v;"^/i). (1.11) 

3=0 



From (jl.lOp we obtain, that the reproducing kernel satisfies the relation 

TT 

f Kn (A, z.) Kn (z^, /i) diy = Kn (A, /U) , (1.12) 

— TT 

and from the Couchy inequality we have 

|i^n(A,^)|'<i^„(A,A)K„(/x,/x). (1.13) 



pj"^ (Ai, . . . , A,) = ^^det WKr, (A„ Afc)||; ,^, . (1.14) 



We use also below the determinant form of the marginal densities (jl.Sp (see [T]) 

n! 
In particular, 

p„ (A) = n-ii^„ (A, A) , (1.15) 

(n)., X ETn (A, A) /Cn (^, ^) - |J^n(A,^)P , . 

p, (A,/.) = ^^^^-^^ . (1.16) 

The main result of the paper is 

Theorem 1.2 Assume that V (X) is a C^ (— 7r,7r) function, and there exists an interval 
(a, b) C a such that 

sup |F"'(A)| <Ci, /9(A) >C2, AG (a,6). (1.17) 

Then for any d > and Aq € [a + d, 6 — d] for Kn defined in (jl.lip we have 

Ao + 



lim [i^„(Ao,Ao)] ^ Kn i Xo + -rr-Tx — Tv- ■ i^ f\ \ \ 



uniformly in {x,y), varying on a compact set of ^ 



7r{x-y) 



Remark 1.3 It is easy to see that universality conjecture (jl.7p follows from Theorem 11.21 by 
(fLTij) . 

The method of the proof is a version of the method of 0]. An important part of the proof is 
uniform convergence of p„ to p in a neighborhood of Aq: 

Theorem 1.4 Under the assumptions of Theorem 1 1.2 1 for any d > there exists C (d) > such 
that for any AG [a + d,b — d] 

lp„(A)-p(A)|<C((i)n-2/9. (1.19) 

2 Proof of basic results 

Proof of Theorem \1.4\ We will use some facts from integral transformations theory (see [7j ) . 

Definition 2.1 Assume that g (A) is a continuous function on the interval [— tt, vr]. Then its 
Germglotz transformation is given by 

F[g]iz) = l'^^g{X)dX, (2.1) 

— TT 

where z G C\M. 



Inverse transformation is given by 
For z = n + irj, 7] ^ we set 



— lim JiF[g]iz). 



(2.2) 



fn{z) 



piX aiz 



Pn (A) d\. 



(2.3) 



Bellow we will derive a "square" equation for /„. Denote 



ln{z)= jV'{\f^-^±^Pn{\)d\. 



pi\ piz 



(2.4) 



Integrating by parts in (j2.4|) . we obtain from p.Sp 



^n{z) = ^lv'{Xrf^Z^^'[\ 



Zr) 



^iXi ^^At 



nZn 



,-nV{Xi) 



j<k 



'exp^-n5^1/(A,)i l[dX, 



dAi \ e*^i - e*^ 



nie--e' 
j<k 



eW\ -n'^ViXj] 
i=2 



n^A, 



The integrated term equals 0, because all functions here are 27r -periodic. After differentiation 
we have the sum of n terms under integral. Denote 



^o(^) 



d /e'^i + 



nZn J dXi \ e*'^i — e 



n 

j<k 



iX-j ^'iXi 



exp <^ -n^F(Aj) 



n^A,, 



Im. (z) 



1 



giAl _^ gj2 



nZ„ y e*^i - e*^ 



n 



giAj _ gJAfc 



'2<j<k<n 



2 d 



giAi _ giA„ 



n h"' 



JXk 



exp < 



-n^y(Aj) V JJdAj, m = 2,n. 



From symmetry with respect to Xj we obtain that all Im (z), except Io{z), are equal, hence 

T„ (z) = h {z) + (n - 1) h {z) . 



In (z) = - 



d /e^-'i+e 



n J dXi \e 



aJAl 



Pn (Ai) dXi 



2i 
n 



(e 



JAi piz\ 



jPn (Al) dAi 



'^ . ■^ • s 2 



2n 



3«Ai piz 



Pn (Al) dAi + 



2n 



To transform /2, we use symmetry of pg ( P2 ('^i' -^2) = P2 (^^2) -^i) )• 

d 



h{z) 



1 r e^Ai ^ ^iz ^^^ 



giAi _ g*A2 



n ./ e*'*'i — e*^ |e*Ai _ e'-^'al^ 



py (Ai, A2) d\id\2 



= — / ^T ^ — rr ^^Po (Ai, A2) d\id\2 = 

i /-/e^^i+e*^ giAa+ei^X giAi^giAa ^^ ,,,,,, 

^y (^e^A._g.. -ga._g..jgiA._ga.P2 (Ai,A2)dAidA2 

^ ^ -TP^"\Ai,A2)dAidA2 = 



2n y (e*^i - e*^) (e'^2 _ g* 






Therefore, from ()1.5p and (J1.14p . we obtain 

«Ai _ p«A2\2 2iz 



^n{z) = ---f^{z)-^ I \Kn{Xl,X2)\' 



(e*^i - e*^2) 



„ ^dAidAa. (2.5) 

(-gjAi _ gjz-)^ (giAz _ gjz)^ 



On the other hand, denoting 



gU ^ giz 



giA piz 



-{V'{X)-V'{fs)) pn{X)dX, 



for z = fj, + irj, from (j2.3p we wih get 

In (z) = Q„ (z) + y (^) /„ (z) 

FinaUy from (I2.5p and (12. 7p we obtain the "square" equation 



with 



/2 (z) - 2iV' ifl) fn {z) - 2iQn (z) - 1 = -^G„ (z) 



n^ 



(2.6) 

(2.7) 
(2.8) 



Gn{z)= / |K„(Al,A2)| 



iAi _ „iX2\ c>2iz 



(•giAi _^iX2^ 



9 dXidX2 

(gjAi _ gjz-)^ (gjAa _ Qtzy 

To proceed further we need some properties of the reproducing kernel -fC„. 



Lemma 2.1 Let Kn {X, fi) be defined by p. lip . Then under the conditions of Theorem 11.21 for 
any 6 > 

r , ^ 1 r , , 9 9i 

(2.9) 

(2.10) 

(2.11) 



/( 


e^^- 


-■") 


\Kn{X,p.)\' 


' dfi 


1 

< - 
- 2 


" e\ (A) 


2 
+ 


V'^"^ (A) 


2" 


/ 


^a_ 


-e^^ 


^\Kn{x,^i)\^ d^i< 


ri"A (A) 


2 
+ 


v4"^ (A) 


2" 


5 




/ 


g«A _ ^i^l 


^\Kn{X,fi)f dXd^l<2, 


/ 


\Kn{X,^l)\^ dll<6'^ 


^i-\ (A) 


2 
+ 


V'i"^ (A) 


2' 


5 



iA_eifiK5 



/ \Kn{X,fi)f dXdfi<25- 



(2.12) 
(2.13) 



eiA_giM >5 



It is easy to see that le*'^ — e*^| > C \rj\ if [r/| < 1 for some C > 0. Hence, from (|2.1ip and (j2.8p . 
we derive 

/2 (z) - 2iV' (/i) /„ (z) - 2iQn {z)-\ = (n-2r?-4) . (2.14) 



Lemma 2.2 Under the conditions of Theorem 11.21 for any d > and AG [a + d, 6 — d] 

/On (A) < C, (2.15) 

^^" (^) < Ci f ^1") (A) ' + ^i"_\ (A) "\ + C2. (2.16) 



dA 



(|vi")(A)|' + |ri'!_\(A) 



From the conditions of Theorem 11.21 we obtain that V" {X) is bounded on the interval [a, 6]. 
Hence we have for ^u € [o + d, 6 — d] and sufficiently small r/ 

IQ„(/. + ..)-Q„(^)l<|e--i| ; i^;(A)-y;(;.)|p.(^) ^^^ 



g«A g^M g*-^ g 



i\ „iz I 



<Cr? 



(iA 



\\-^l\<d/2 



(A-/.)2 + r?2 



1/2 



+ 



Pn (A) d\ 



\\-^l\>d/2 



{x-fiY + v 



2 I „2 



1/2 



< 



|A — ;U| 



<C7]ln-^r] + C7]d-'' <Cr]ln-^r]. (2.17) 



g«>^ _)_ g«M 

Besides, applying dUD, we get for 0(A) = -j^-^ (V^'(A) - V'{fi)) 



Qn{fi)=Q{fi)+o(n-^/^ln^/^r?j, 



where 



Q 



JX _|_ in 



/4A I tn 



' n 



Combining (l2T71l and ([238|) . we find 

Qn (/^ + ir])=Q ifi) + O (r/ln-l ??) + O (n-^/^ hi^/^ 

Now it is easy to see that we have from (|2.20p and (j2.8p for z = fi + in~^'^ 

fl (z) - 2iV' (fi) fn (z) - 2zQ (/i) - 1 = 0(n-2/9). 



(2.18) 



(2.19) 



(2.20) 



(2.211 



Lemma 2.3 



p{^) = —^2iQ{^l) + l-iV'i^l)r 



Lemma 12.31 and equation (j2.2ip implies that for z = fi + in ^'^ 

l-SRf^(z)=p{p)+0{n~^/')p-'{p). 



(2.22) 



(2.23) 



Lemma 2.4 For d > 0, k = n — l,n and As [a + d,b — d] 



4^^ (A) 



dX < CrT^I^, 



A-^|<n-i/4 
2 
k 



^i"^ (A) ^ < Cn7/^ \fi-X\<n-'/\ 



(2.24) 



(2.25) 



Taking into account (j2.23p . to prove Theorem (jl.4p it is enough to show that — 3?/„ (z) 

27r 

/Jn (/") + O ( n^^' ^ ) . We use an evident relation 



^e*'^ + e*^ sinhr/ d / /A — /x\ /r? 

5rt^ — = : = — -2arctan tan coth ' 



gjA _ g22 coshr/ — cos (A — ;u) dX V V 2 

1 with (12.15p . we obtain 



Combining the relation — / ^^ — 



^/n {z) - pn ifl) 



M/i-A|<r?i/2 »yi/2<|^_A|<d/2 \^l-\\>d/2 ^ 

sinhr/ 



(2vr)-i 



<C 

s|<»?l/2 

Using ([236]) and ([^TM]) . we get finally 
1 



sinhr/ 



cosh r/ — cos s 



cosh r/ — cos (A — p) 

{pn {s + p) - Pn {p)) dX 



(Pn (A) - Pn (p)) dX 



< 



+ Ct]^/^ + Crj. 



2tt 



fn{z)- Pn (^) 



<C / \p'n{s)\ds + Ct]^^^ < Cri^/^. 



Theorem 11.41 is proved. ■ 

Now we pass to the proof of Theorem II. 2[ We will use the following representation of Kn, 
which can be derived from the well-known identities of random matrix theory (see [1]) 



n-l 



^KniX,p) = ^^^pt\x)^pl-\p) 
n n ^. — ' 



3=0 
Q-lg-n(V^(A)+y(M))/2 j JJ 

i=2 



giA _ giA, 



^_i^_^_iX^^^_nV(\,)^^, -Q |g 

2<j<k<n 



iXi ^i^k 



(2.26) 



n-l 



in) 



» ; 



where Qn,2 = "^'11 \'i 

j=0 



Remark 2.5 Consider the determinant (see (jl.2 



,(") 



and 7; is the coefficient in front of e in the function P^ . 



det|e^'^^4" ' =e^(n-i)EA./2^gJg^(fc-(n-i)/2)Aa" 1 

I J A;,j=0 I J fc,i=0 



Taking the complex conjugate, we obtain 

n-l 



det je^fc^. |r\ = e-^("-i) ^ ^^/^ ^^^ f -i(fc-(„-i)/2)A, 1" ^ 

(_l)["/2]e-i(n-l)EAj/2^g^ fgi(fc-(n-l)/2)A,y 



n-l 

Thus, from (|2.26p we get that the function e~~^^"-^^^^^^'^^^'^Kn (A,//) is real valued. 
Now denote 



/C„ (x, y) = iK„ (Ao + - , Ao + ^) , /C„ (x, y) = e-^("-i)(-^)/2-/C„ (x, y) . (2.27) 

From the above we have that /C„(x,y) is a real valued and symmetric function. We get from 

(frTni . (frT2D and (frrsii 

)Cnix,z)JCniz,y)dz = fCnix,y) , \ICnix,y)\ <ICn{x,x)ICniy,y), (2.28) 

ICn{x,x) = pn{Xo+x/n) <C, \ICnix,y)\ <C, for |x| , |y| < n(io/2 (2.29) 

Differentiating in (j2.26p /C„ (x, y) with respect to x for A = Aq + x/n, /j: = fio + y/n, we get 



5 ~ 1 ~ 

—K,n{x,y) = --F'(A)/C„(x,y) + 

^"-'^ -^ ^ '^ i=2 2<j<k<n 

T JA 

= -^^' (A) -^n (X, y) + \ I ,/_ ,^^ [Kn (A2, A2) Kn (A, m) - K^ (A, A2) i^n (A2, ;U)) dX^ = 

— n 

TT 

1 — if e^^ -\- e^'^2 

= --y (A) /C„ (x, y) + ^J ^>—^2 (^" (^2, A2) K, (A, //) - Kn (A, A2) /!:„ (A2, /x)) dA2+ 

— 7r 

z(n - 1) ^^ ., , 

nn 
= --V' {X)K:n{x,y) + — / COtf— ]\^Zn{z,z)JCn{x,y)-JCn{x,z)Zn{z,y)jdz 

+ <!Lzll^^(^,y) (2.30) 
2n 



Lemma 2.6 Denote 



TT 

D (A) = y' (A) + v.p. / cot |pn (A + s) ds. 



Then for any d > we have uniformly in [a + d,b — d] 

\D{X)\ <Cn~i/^lnn. 



Definition of /C^ (!2.27p , above Lemma, and tlie bound (|2.29p yield 

nil 

■^-JCn{x,y) = -—v.p. / cot ( ^- — ] lCn{x,z)lCn{z,y) dz + 0{n''^^'^lnn). 
ox In \ In I 



Below we take |x| , |y[ < C = Inn. Then from the inequality \z\ < rnr we get 
Function x cot x is bounded on [0, 37r/4] , thus 



X — z 



2n 



(2.31) 



< 37r/4. 



1 I X — z 

— cot 

2n V 2n 



<C 



1 



X — z 



For |x| , |y[ < C we can restrict integration in (|2.3ip by the domain \z\ < 2C, replacing 
0(n~^/^lnn) by O (£~^). This follows from the bound 



1 

2^ 

2C<\z\<mT 

Note that 



X — z 
cot ( —- — ) ICn (x, z) ICn (z, y) dz 
In ' 



<C£-^ / \JCn{x,z)\\JCn{z,y)\ dz<C£~\ 



1 X 1 

— cot = O (n^ In n\ , for x = O (In 

2n 2n X ^ ' ^ 



n 



Hence, we get from the above estimates and (I2.3ip 

ICn {x,z)ICn iz,y) 



—lCn{x,y) = v.p. J 



z — X 



dz + 0{C-^) 



(2.32) 



\z\<2C 

Next lemma shows that /Cn behave almost like a difference kernel. 



Lemma 2.7 For any d > we have uniformly in Xq G [a + d,b — d] and |x| , |y| < nd/A 

<c(n-^/^ + \x-y\n~A , (2.33) 



d d 

— /C„ [x, y) + — /C„ (x, y) 



|/C„ (x, y) - /C„ (0, y - x)| < C |xl (n-^'^ + \x-y\ n~^^ . 



(2.34) 



Remark 2.8 Note that the last inequality with Aq + xi/n instead of Aq, and X2 — xi instead x 
and y, leads to the bound, valid for any |xi^2| < ndo/8 



|A^n(x2,X2) - /C„ (xi,Xi)| < Cn ^/^ |X2 -Xi| . 

Lemma 2.9 For any |x| ,\y\ < C 



^/C„(x,y) 



<C, 



^/C.(x,y) 



dx< C. 



\x\<C 



Denote 



/Cj;(x) = /C„(x,0)l|^|<£ +/C„(£,0)(1 + £-x)l£<^<£+i 
+ /C„(-£, 0)(1 + £ + x)l^c~i<x<-c, 



(2.35) 



(2.36) 



(2.37) 



and observe that for y = and for any |x| < £/3 similarly to (j2.32p we can restrict integration 
in (|2.32p to \z\ < 2C/3, with a mistake 0{C^^). This and Lemma [2T71 give us the equation 



^/c:(x) 



}C*^{z)IC*^{x - z] 



z\<2C/3 



dz + rn{x)+0{£-^), 



(2.38) 



where 

f lCniz,0)(ICnix,z) - ICniO,X - z)) 

r„(x) = / dz, 

J\z\<2C/3 ^ 

and by Lemma 12.71 we have for |x| < C/3 

Now, using the estimates simihar to ()2.32p . we can restrict integration in (j2.38p to the real axis. 
From Lemma O and relations ([228]), (f2:29]l we get 



d 



d^^«(^) 



dx < C. (2.39) 



f \ICl{x)\'^dx < f \ICn{x,0)\'^dx + C' <C, I 
Consider the Fourier transform 

where the integral is defined in the Lp'iM.) sense, and write /C*(x) as 

K{x) = i27r)-' I JCUp)e''P''dp. (2.40) 

From (jl.igp we have 

JjCUp)dp = 27rp{Xo) + o{l), (2.41) 

and from (j2.39p and the Parseval equation 

lp^\}CUp)\^dp<C. (2.42) 

From the definition of /C„(x,y) we get that the kernel is positive definite 

I ICn{x,y)f{x)J{y)dxdy>0, / € L2(M), 
therefore from (j2.34p we have for any function / S L2(M): 

' K{p)\f{p)\'dp> -C\\f\\l,^^^{n-yHog'n + OiC'')). (2.43) 

It is easy to see that it follows from the Parseval equation and (j2.34p that 

KM - Ki-pf^p < 2,/ |K...(.) - ^.•.,-.)|^.. < Cn-^'Vn. ,2.44) 

By the definition of singular integrals 

f K{z)K{^ - z) ^^ ^ hm [ dzlCl{z)JC*^{y - zMz + ie)-\ (2.45) 

J Z s~*+0 J 



In accordance with the relation 



/.-»,. +fe)-..= .,i.-=K.„. 



and the Parseval equation we can write the r.h.s. of (j2.38p as 

f >i./.p.p'€r.(p)£:(p>-.gn(p-pOe-.l-.'l 

47r £^+0 J 

" i / '^P'~''''^nip) j^i^nip') - K{-P'))dp'. (2.46) 

Note that both integrals are absolutely convergent because /C* € L^(M) by (j2.42p . Now using 
the Schwarz inequality and (j2.42p . we can estimate the second component 



oo 

{jc:{p') - jc:{-p'))dp' 





< 



\ic:{p') - jc:{-p'))dp' 





+ 1 ^^^ \K{p')\dp' <c(^j fyp') - £:(-p')pdp') + cc 



\p\>C 
Thus, from (|2.44p - (j2.46p we have uniformly in |x| < C/3 



-dz = —J dp}C:{p)e-'P- J K{p')dp' + 0{C- ,. 
This allows us to transform (j2.38p into the following asymptotic relation, valid for \x\ < C/3: 

Kip) ( I' K{p)dp' - p) e-'P'-dp = 0{C-^). (2.47) 

Consider the functions 

Fn{p)= riClipW- (2.48) 

Jo 

Since p/C*(p) S L^(IR), the sequence {Fn{p)} consists of functions that are uniformly bounded 
and equicontinuous on M. Thus {Fn{p)} is a compact family with respect to uniform convergence. 
Hence, the limit F of any subsequence {Fn,,} possesses the properties: 

(a) F is bounded and continuous; 

(b) F{p) = -F{-p) (see ^M)'. 

(c) F{p) < F{p'), iip<p' (see I^M^); 

(d) F(+oo) - F(-oo) = 27rp(Ao) (see dMU); 

(e) the following equation is valid for any smooth function g with the compact support (see 

diazD): 

j{F{p)-p)g{p)dF{p)=Q. (2.49) 

The last property implies that F[p) = p or F{p) = const, hence it follows from (a) - (c) that 

F{p) =pl|p|<p(,+posign(p)l|p|>p(,, 

where po = 7r/>(Ao) from (d). We conclude that (j2.49p is uniquely solvable, thus the sequence 
{Fn} converges uniformly on any compact to the above F. This and (j2.48p imply the weak 
convergence of the sequence {/C*} to the function p {Xq) S {p (Xq) x) , where S{x) is defined in 
(jl.Sp . But weak convergence combined with (|2.29p and (j2.36p implies the uniform convergence 
of {/C^} to /C* on any interval. Thus we have uniformly in {x,y), varying on a compact set of 

lim }Cn{x, y) = p (Ao) S {p (Ao) (x - y)) . 

n— >oo 

Recalling all definitions, we conclude that Theorem 11.21 is proved. 



Auxiliary results for Theorem 11.21 

Proof of lemma \2.1\ Denote 



rg = / e^Vi"^ (A) i^f (A) d\. 



(2.50) 



Note that from the orthogonahty (12.660 we have r^- = for j > k + \. Thus, 

fc+i 

3=0 



MultipUcation on e is isometric in L2 [— 7r,7r], therefore 

k+l 



3=0 



EkS = C^(^) 



1. 



Now we are ready to prove (j2.9p 

■K 

— n 

^ n-1 n-1 

= e'^Kr. (A, A) - y e^'^ ^ ^- ^ (/^) ^™ ^ (^) E ^f"^ (^) W"^ (/^) ^/^ 



m=0 



n-1 



e^^E:„(A,A)- EC>/ (^)V'- W 



Z,m=0 



Now, using the Cauchy inequahty and the bound 
to obtain the relation 



(2.51) 



n—l,n 



= -2i,nV'a(A)^l")(A). (2.52) 
< 1, we get (12. 9p . Similarly, it is easy 



g*A _ giM 



i\Jn) ,(7i) 



i^„ (A, m)|^ d^ = 25R e^V^.^^^V^^^l^ (A)<"^ (A) , 



which implies (j2.10p . Bounds ()2.1ip . (|2.12p . (|2.13p are evident consequences of ()2.10p . Lemma is 
proved. ■ 

Proof of Lemma \2.2l Observe that 

dpn (A) dpn (A + t) 



dX 



dt 



t=Q 



Changing variables in (jl.Sp Xj = pj + 1, in view of periodicity of all functions in consideration, 
we have the representation for p„ (A + t) 



P.(A + t) = ^|e-"^(^+*) n \^ 



ifij _ i^ik 



2<j<k<n 



J=2 



-nVi^lJ+t) 



e - e 



dfij 



After differentiating with respect to t, for t = we get 



^^^^-ny'(A)pf)(A)-n(n-l) f V {t,) pf^X, ^,) d^^ 



dX 

— TT 

= -V'{X)Kn{X,X)- [v'{fi)\Kn{X,X)Kr,{fi,fx)-\K^{X,fi)\^]dfi. (2.53) 



Since V' (A) is an odd function, and Kn (A, A) is an even function, we obtain 

l'v'iX)KniX,X)dX = 0. 

— TT 

Thus, from (12.530 we get 

P'n (A) = J {V (/i) - V (A)) \Kn (A, /.) p dfi. (2.54) 

— TT 

We spht this integral in two parts corresponding to the domains |/x — A| < d/2 and |/x — A| > d/2. 
In the second integral we will use (j2.12p . It follows from p.lZp that in the first integral we can 
rewrite V' (A) as 



V (/x) - V (A) = (/i - A) V" (A) + 0{\^,- Ap) 



gi^ _ giA\ Yli^ + oi(e'>'- e'^ 



le'-^ 



and using (j2.9|) and ()2.10p . we get (j2.16p . To prove (j2.15p we use the next well-known inequality 

Proposition 2.10 For any function u : [ai,6i] — > C with u' G Li{ai,bi) we have 

\\u\\^ < \\u'\\^ + (6i - ai)-^ ||n||i , (2.55) 

where || • ||i, || • ||oo are the Li and uniform norms on the interval [ai,6i]. 
This inequality can be obtained easily from the relation 

u (A) = / (u (A) - u (^)) d/i + / u (fi) dfi. 

hi-ai J oi-ai J 

ax a-i 

Using (j2.55p for u = pn and interval [a + d,h — d], we get (|2.15p . ■ 
Proof of Lemma \2.3[ From ()1.4p and (j2.2ip we have for non-real z 

/2 (z) - 2iV' ifi) f [z] - 2iQ {z)-l = 0, (2.56) 

where / {z) is the Germglotz transformation of the limiting density p (A). From (|2.19p and (j2.2p . 
it is easy to see that Q [p + iO) is an imaginary valued, bounded, continuous function. And 
from (12. 2p we obtain 



Computing imaginary and real parts in (j2.56p . we get the relations 

9/ ifi + iO) = V ifi) , 



(2.57) 
(2.58) 



m (/^ + ^0) = yj2iQ (/x) + 1 - {V {^)f, 

from which we obtain (j2.22p . ■ 

Proof of Lemma \2.4\ To prove (|2.24p with k = n — 1 we introduce the probability density 






g*-^j _ g*-^fc 



l<j<k<n—l 



Denote 



Pn W 



n — 1 



n 



n-l 

exp<^ -n^y(Aj) 

n-2 



> . 



p- (A, A2 . . . , An-l) dA2 . . . dXn-1 = - V UJ"^ (A) 

i=o 



Thus we get 



dn) 



C-\ (A) = n {pn (A) - p~ (A)) 



Analogously to equation (|2.8p we can obtain the "square" equation 



+ ' y'(A);9-(A)dA = ^ + 0(n-V'), 



^[/n W]'+ , ga_ei. 



(2.59) 



(2.60) 



(2.61) 



(2.62) 



for the Germglotz transformation /„ (z) of the function /)„ (A). Denote 



A„(z)=n(/„(z)-/-(z)) 






ri-\ (A) 



dX. 



(2.63) 



Subtracting (j2.62p from (|2.8p we obtain for z = ^-\- in' 



-1/4 



-A„(z)(/„(z) + /-(z)) 



gJA _^ gjz 
giA _ giz 



^' (A) V't^ (A) 



dA + O (1) 



-An{z){fniz) + f-{z)-2iV'ip)) 



giA _^ gi2 

giA giz 



dn) 



{V (/.) - V (A)) C-^ (A) dX + 0{l) = (1) 



Note that 5R/^ (z) > for 9z > therefore 

KA„ f /i + in-^/^) < 



C 



^fn {^i + in-1/4) 

Analogously to (|2.23p we can obtain ioi z = p + in~^'^ 

i^5R/„(z)=/>(M) + 0(n-i/8)p-i(^), 



hence ^fn (z) > C2 for sufficiently big n, where C2 is defined in (|1.17p . Thus 

3f?A„ U + m^i/^) < C. 
Note that 



3? 



giA _^ gi;^ 



sinhry 



>C- 



V 



g«A _ gl2 pQg]^ ^ _ pQg ^^ _ _^-J ^2 _|_ ^^ _ _^^ 



2' 



for rf + {n- Xf < 1. Thus 



/ 



^i-\ (A) 



dA < 2n"^/2 



ri"i (A) 



n 



|A-Ml<n-i/4 



A similar bound can be obtained for ^„ ' (A) by using the densities: 



|A-^|<n-i/4 



(n) 



"V2 + (^_A)- 



dX < 



< Cn-^/^^An (// + in-i/^) < Cn-^/\ 



"'2 l<j,<„+l l<j<fc<n+l 



e ■"• ^'~J^ Jl 



^iXi ^'i^k 



p^W 



n+l 



n 



r 1 " I 

/ p^ (A, A2, . . . , A„+i) dA2 . . . dXn+i = - V] Wj (A) 
•> j=0 



Analogously we will have ipn (A) = n (/)+ (A) — /)„ (A)). Thus, the estimate (j2.24p is proved. 
Now we proceed to prove of (j2.25p for k = n. We use the inequality 



Proposition 2.11 For any C^ function u : [ai,bi] —>■ C 

II I|2 ^ o II II II 'II I /L \ — 1 II I|2 

\\u\\oo ^ 2 ||n||2 \\u II2 + (61 - ai) ]|u|l2 , 
where || • II2, || • ||oo are the L2 and uniform norms on the interval [oi, bi]. 
This inequality is a simple consequence of the relation 



(2.64) 



u'iX) 



1 



61 



1 



(u^ (A) - u^ ifi)) dfi + / u^ ill) dfi 



bi — ai J '^ bi — ai 

ai ai 



Consider the interval A = [A — n ^'^, X + n ^'^] and the function i/j (A) = f/'n (A). From the 
inequality we have 

(2.65) 



-L 1/4 

—n' 



\^{X)\'<2\m,^^\\i;'\\^^^ + -n 
where ||-||2 a ^^ -^2 norm on the interval A. It is easy to see that 



2,A ' 



2,A < IIV'll2.f-^,^l = 1- 



Denote P (A) = Pt' (A) and u; (A) = e-'^^W/^^ than ^ (A) = P(A)w(A). Now we estimate 



l2,[-7r,7r]- 



1^ II2,[— tTjTtJ II II2,[— TTjTrJ — II II2,[— 7r,7rJ II II2,[— 7r,7rJ 



n 



IPuj'L, , = -\\PV'ujL, ,<Cn\\Puj\L.. = Cn 

I II2,[— 7r,7rJ 2 " II2,[— 7r,7rJ — " "^iL^^^i'tJ 



|^'^||2,[_.,.] = JP' (A) P' (A)a;2 (X) dX = - J P (A) P" (A)^^ (^) ^^+ 



+ n P{X)P' {X)V' (A) w^ (A) dA 
Using the orthogonality 

/ e-'^^^u (A) V^i"^ dA = 0, for m<k, (2.66) 

we obtain 

P (A) P^u;2 (^) dX= I P (A) 7^") (-m)2 g-^^^cu^ (^) ^^ ^ _^^ j p ^X) W(X)uj'^ (A) dA, 

where 7n is defined in (|2.26p .Thus. 

l[-n,.] =n j P{\) P^ {V (A) + i) 0.2 (A) dX < Cn \\P'u:\\^^^_^^^^ , 



\P'u;\ 



and we obtain that ||P'u;|L r i < Cn. Combinine; all above bounds, we conclude that 
liV''ll2,[-7r,7r] ^ Cn. Now using ([2:65]) and ([221), we obtain ([2:25]) for A: = n. For A: = n - 1 the 
proof is the same. ■ 

Proof of LemmalEM Similarly to p.2ip for rj = n~^'^ and /x G [a + d,b — d] for /„, defined 
in (|2.3p . we obtain 

1 9/n (Ai + «??) - V ifi) I < Cn-3/^ In n. 



(2.67) 



Moreover, we estimate M = 9/„ (/i + iry) + t;.p. / cot —pn{fi + s) ds. Note that 

— 7r 

sin (A — fi) 



giA _^ gjz 



gjA _ gjz cosh 7/ — cos (A — fl) 



Hence, 



M = v.p. / ( cot 



sms 



2 cosh ry — cos s 

f cosh ry — cos s \ , 



In 



V 1 — cos s 



Pn {p + s) ds = 

p'^ (p + s) ds + O (r/) = Ii+l2 + l3 + 0{r]), 



\s\<d/2 



where /i is the integral over |s| < n 2, /2 is the integral over n ^ < |s| < n ^'^ and I^ is the 
integral over n~^'^ < \s\ < d/2. We estimate every term: 



, , 12^ 7/0 f /cosl 

\s\<n^'^ 



f cosh r] — cos s 



coss 



|/2|<Clnn / \p'^{p + s)\ds < Cn'^/'^lnn, 

n-2<|s|<ni/4 



ll2J6t 



',(«) 



e^(/x + s) + Cl\(/. + s) 



(n) 



ds < Cn-i/^ 



\s\<d/2 



Combining above bounds with (j2.67p . we obtain that the lemma is proved. 



Proof of Lemma \2.7\ To simplify notations we denote for t € [0, 1] 



X — tx y — tx 

Ax = Ao H z — ' Ay = Ao + 



n 



n 



(2i 



Then similarly to (j2.30p and (j2.54p we obtain 

TT + Ao 

j^Kn{X^,Xy)=X j Kn{X^A)Kn{XAy){]^V'{\^) + ]A^'{\y)-V'{\)\dX. (2.69) 

-TT + Ao 

To get our estimates, we split this integral in two parts |A — Ao| < d/2 and |A — Ao| > d/2. By 
the assumption of the lemma A^;, Ay are in [a + d/2, b — d/2], thus in the first integral we can 
write 

V (A) - iy (A.) - ^V (Xy) = 



A .^^AYUM^f.^>^ .^Xy\YliM. 



e"" - e""" I V^ + e'" - e'"« , ., 

iA JA;„\^"(^a;) , f J\ J\„\ ^" ^^vl , Q 



o 



e — e 



2ie^^^ 
Similarly to (j2.52p . we obtain 



+ e'^ - e' 



2ie^^y 



giA _ giA, 



giA _ giA, 



+ 



giA _ ^iXy 



giA _ giA^ 



+ 



\x-y\ 



Kn (A., A) K^ (A, A,) (e^^ - e^^^) dX = -rt\,„^(") (A.) V^i {Xy). 



Hence, 



Kn (A,., A) Kn (A, Xy) (e*^ - e^^^) dX = -rn-l,n4n^ (Ax) V'Sl {Xy) - Id, 



\X-Xo\<d/2 



where 



lldl 



Kn{X^,X)Kn{X,Xy)(e'^-e'^-) dX 



iX AXn 



A-Ao|>d/2 

<c 



< 



\Kn{X^,X)\' dX / \Kn{X,Xy)\' dX 



|A-Ao|>d/2 



|A-Ao|>d/2 



1/2 



ll2J2t 
< 



<c 



V'i-\ (A.) + Vi"^ (A.) + ri-\ {Xy) + Vi") (Ay) 



The same bounds are valid for the term with the e ^ instead e "" . To estimate other terms we 
use the Schwarz inequality 



Kn (Ax, A) Kn (A, Xy) [e'^ - e'^^) (e^^ - e^^-) 



dX< 



|A-Ao|<d/2 



< 



,iA „JAa 



i^n(Ax,A) e^^-e 



<C 



dX 



Kn{X,Xy)U^-e'^y 



iX AX, 



dX 



1/2 



ITTTIi 
< 



ri-\ (Ax) + Vi") (Ax) + Vi-\ (Ay) + Vi") (Ay) 



|-^n(Ax,A)K„(A,Ay)| dX < n{pn{\x) + Pn{\)) < Cn 



|A-Ao|<d/2 



In the second integral we use that V (A) is bounded, Cauchy inequahty \Kn {Xx, A) Kn (A, Ay) \ < 
d 



\KniXx,>^)\'^ + \KniX,Xy)\^ and the bouud (I2J2D . Thus, 



dt 



Kn \Xx, Xy 



<C\x\ 



',("■) 



(") 



V^^i (A.) + ir (A.) + V^^i (A.) + e^ (A.) 



',(«) 



+ 



\x-y\ 



n 



Now, using (j2.25p . we obtain 



~n-Kn [Xx, Xy) 



< C \x\ fn^/^ + 



\x — y\n 



-1 



(2.70) 
(2.71) 



Finally, observing that 



^JCn (X, y) + ^/C„ (X, y) = - (xn)-^ ^-^(n-l){.-y)/2nd_ ^^ ^^^^ ^ 



yJH=o ' 



ICn ix,y) - /C„ (0, y-x)= e-^^n-X){x-y)l2n . 1 (^^ (^^^ ^^)|^^^ _ ^^ (^^^ ^^)|^^J 

and using (j2.7ip . we conclude that the Lemma is proved. ■ 

Proof of Lemma \2. S\ . First show that for any |x| < ndQ/2 we have the bound 



Kn {x, x) ICn{x + t,X + t) - |/C„ (x, X + t) 



■dt<C 



(2.72) 



Denote 



r^o = [-vr + Ao,vr + Ao], Q.^ = Qo/^o^ 



^Q = <J A G ilo : 



A -An 



sm ■ 



< sin ■ 



2n 



[Ao - 1/n, Ao + 1/n] , 



and consider the quantity 



\j=2 



sin^ l/2n 



sin^ {Xj - Ao) /2 



(2.73) 



(2.74) 



where the symbol < ... > denotes the average with respect to p„ (Aq, A2, . . . , A„). We will 
estimate W from above. To do this we use the relation 



sm 



1 
2n 



sm 



/i — A 



/•gj(A+l/n) _ ^in\ /•gj(A-l/n) _ ^ifj.\ 



(jl.2p and Schwarz inequality. We get that W'^ is not bigger than the product of two integrals 
/-L and /_, where 



2<j<k<n 



g'^j - e' 



exp < 



i=2 I j=2 



i\i 



dXj. 



Moreover, the expression n (V (Aq) — V (Aq ± 1/n)) is bounded in view of (I1.17p . Hence, from p.lSp 
we obtain 

W < Cpl/^ (Ao + 1/n) py2 (^^ _ 1/^) < c. (2.75) 



On the other hand, W can be represent as fohows 



\j=2 I 



(2.76) 



where 



<^i(A) 



. 2 1 . 2 '^ ~ '^O 

sm sm 

2n 2 



sm — sm 

2n 2 



sm 



2 -^ ~ -^o \ 



^2 (A) = 1 



sm 



sm 



1.,+ Il 



2n 



2n / 



sm 



2 A - Ao I ^^0^ 



(2.77) 



(2.78) 



Since < (j)2 (A) < 1 and (pi (A) > 0, it follows from (j2.76p that W can be estimated bellow as 



W> 



{n-l)Jct>i{X)/5{X2-X) 



exp < 



i=3 



.(") 



Note that {6 (A2 — A)) = pg (Aoi A). Therefore the Jensen inequality implies 



W>{n-1) I 0i(A)pr(Ao,A)exp<j(5(A2-A)^ln,^2(Aj)) [pr(Ao,A) 

i=3 / 



-1 



dX 



(n-l) J <Ai(A)p('^)(Ao,A)exp 
Ho 

An) 



(n - 2) / In 02 (A') pr (Ao, A, A') dA' p^"^ (Ao, A) 



Jn) 



> dX, 



where p^, is defined in p.5|) . Using (|1.14|) for / = 2, 3, we have 



An) 



n 



'\ Jn) 



p)->{X,,X,X') = ^—p^{X')p'->{Xo,X) + 



+ 



n-2 
23? (K„ (Ao, A) /C„ (A, A') Kn (A', Ao)) - i^„ (Ao, Ao) l/Cn (A, A')|' - i^„ (A, A) |K„, (Ao, A')|' 



n(n-l)(n-2) 



(2.79) 



By the Cauchy inequality 

2 \Kn (Ao, A) Kn (A, A') K^ (A', Ao) | < 2X1^^ (Ao, Ao) K^ (A, A) |i^„ (A, A') i^„ (A', Ao) | < 

< Kn (Ao, Ao) \Kn (A, A') I' + Kn (A, A) \Kn (Ao, A') I' , 

we obtain that the second term in (j2.79p is non-positive, hence 

p(")(Ao,A,A')<^/.„(A>('^)(Ao,A). 
Taking into account that In (p2 (A') < 0, finally we get 

W>{n-l) f (pi {X)pf^ (Ao, A) dA • exp <j n / /)„ (A') In 02 (A') dX' ) . (2.80) 



Q.0 



Now we will show that the second multiplier in (|2.80p is bounded from below. 



n /?n (A') In 02 (A') dX' 
no 



+ / + / I /On (Ao + s/n) In 02 (Ao + s/n) ds > 

|<1 l<|s|<ndo/2 ndo/2<\s\<mT 



>C \ / In ( 1 

Os|<l 



sin^ s 



sin2l/(2n)y J \ sm^s/{2n)) 

l<\s\<ndo/2 



ds + 



+ lnl 



sin^ 1/ (2n) 
sin^ do/4 



Pn (Ao + s/n) ds>C {h + h) + (n 



-l^ 



s|<n7r 



cos {s/n) — cos (1/n) 



h= /In ^^^ — , // ' \ ds = -n / — '-—- dt > -C 

' ' 1- cos (1/n) J J sin(i + l/n)„ . t - 1/n " 

n 2 sm 



1/n 

I 



sint t — 1/n 



rfo/2 

/, /cos (1/n) — COS t\ , 

/2 = n / In ^—^-^ 1 dt 

J \ 1 — cos t 

1/n 



do/2 



, , , s, , sin^l/2n\ , , -. ( , t — 1/n 

(n(io/2 - 1) In ( 1 - . ^ i ,^ ) - n (1 - cos 1/n) / cot t/2 ' 



sin (io/2 



1/n 



t - 1/n t + 1/n 
2 sin sin 



dt > 



2 

do/2 



> -C - Cn-^ 



dt 



1/n 



t{t + l/n) 



> -C. 



Thus, from ([2775]) and ([2:80]) we obtain 



n I 0i(A)p5"^(Ao,A) dX> -C 



(2.81) 



\ sin l/2?i 

Now, using drUD, (I2:27D . (I2T3|) . ([2T7l) . and the inequality -^ < C — ^-^^ — , we obtain JHTHh 

t^ sin t/2n 

for X = from ()2.8ip . Changing Ao by Aq + x/n, we will get ()2.72p for any |x| < ndQ/2. 

d 
Now we are ready to prove (|2.36p . Denote C„ = sup 



—K.n{x,y) 



In view of ([2:32]) 



C„< 



v.p. I + 

|2 — xlfCl \z — x\>l 



Kn [x, z) Kn {z, y) 



dz 



z — X 



+ o(l)< 



<|/i(x,y)| + |/2(x,y)| + o(l) 
Using the Schwarz inequality and (|2.28p with ([2.29p . we can estimate I2 as follows 

\l2{x,y)\<JCl/^x,x)ICl/^y,y)<C. 



To estimate /i denote 



£; = sup {t > : |x - y| < t ^ /C„ (x, y) > Pn(Ao)/2} , 
t*n = min{t;,l} . 



(2.82) 



We will prove that the sequence t* is bounded from below by some nonzero constant. Represent 
/i in the form 

, ICn{x,X + t)ICn{x + t,y) - ICn{x,x)ICn{x,y) 

h (x, y) = v.p. I ; dt+ 



|i|<t; 



+ 



Kn {x, X + t)ICn{x + t, y) 



dt = l[+ I'(. 



tn<|t|<l 



Using (j2.29p we have |/('| < C |lni* |. On the other hand, from (jl.lip and Cauchy inequality we 
obtain for any x,y, z 

\ICn{x,z) - ICn{y,z)\'^ < {lCn{x,x) +}Cn{y,y) - 2/C„ (x, y)) /C„ (z, z) = 

^/Cy^ (x, x) - /Cy2 (y, y)y + 2 (/Cy2 (x, x) /Cy^ (y, y) - ICn (x, y))]jCn (z, z) . (2.83) 

From (I2.35P we get that the first term of (J2.83P is bounded by Cn^^''^ \x — y\ . The second term 
we rewrite as 

JCyHx,x)JCi/Hy,y)-KAx,y)= fnix,x)JC^iy,y)-KUx,y) 

/Cn' (x, x) ICn (y, y) + ICn {x, y) 

Thus, for \x — y\ < t*, we get 

|/C„ (x,z) - Kn (y,z)P < C (n-V4 ix - y[3/2 + /C„ (x,x) /C„ (y,y) - |/C„ {x,y)f) . (2.84) 
Hence, using ()2.84p . (j2.72p and the Schwarz inequality, we obtain 

\j'\<C f \!Cn {x,x + t) - ICn ix,x)\ + \ICn jx + t,y) -ICn{x,y)\ ^^ ^^ (g(f )V2 
\t\<t*„ 
Finally, from the above estimates we have 

C„<c(|lnC| + (t:)i/2). 

Note that if the sequence t^ is not bounded from below, then we have 

C < Pn (Ao) /2 < |/Cn (x + t* , x) - ICn (x, x) | < C„t* < Ct* In tn + Ctn, 

and we get a contradiction. Thus f^ > d* , for some n-independent d* > 0. Therefore from ^J 
we obtain the first inequality from (j2.36p . 

To prove the second inequality of (I2.36P we observe that we have by (I2.33P 



(2.85) 



/ 



dx 



ICn {x, y) 



dx 



\x\<C 



\x\<C 



d_ 
dy 



ICn {x, y) 



dx + o{l). 



d 



Then we rewrite the analog of (12.320 for ^r-ICn (x, y) as 

oy 



—K.n{x,y) = \v.p. j 



+ 



\z—y\>d* 



K.n{x,z)lCn{z,y) 



y - z 



+ o{c-^) 



-y\<d* \z\<2C 



Iiix,y)+l2ix,y)+0(C 



-1) 



It is easy to see that it is enough to estimate 1^2- Since in Ii the domain of integration is 
symmetric with respect to y we can write 



h {x,y) 



{Kn {x, z) - Kn {x, y)) Kn (z, y) 



y - z 



dz+ 



\z-y\<d* 



+ 



{Kn {z, y) - Kin (y, y)) ^n {x, y) 



dz. 



y - z 



\z~y\<d* 

Now, using the Schwarz inequahty and ()2.28p . we obtain 

\ICn{x,z) -/C„(x,y)|^ 



It{x,y) <2d*C 



\z-y\<d* 



(z-yY 



■dz+ 



+ 2d*ICi{x,y) 



\ICn{z,y) - fCn {y,y)\" 
(z - yf 



dz. 



\z~y\<d* 
Integrating the above inequahty with respect to x and using (j2.28p with (j2.29p . we get 

|2 



J\if{^,y)\ 



dx<C 



1/C„(z,y) -lCn{y,y)Y 



\z-y\<d* 



(z-yY 



dz+ 



+ C 



z— j/|<d* 



ICn jz, z) + /Cn {y, y) - 2/C„ {z, y) 

{z-yf 



dz. 



Now using bounds ()2.83p in the second integral and (j2.84p in the first, in view of (j2.72p we 
obtain the bound for I^. To estimate I2 we write 



\li{x,y)\dx< / l\z-y\>d*^\z'-y\>d* 



Kn (y, Z) JCn (Z, Z') K-n (z' , y) 



\z\,\z'\<2C 

<c 



{z - y) {z' - y) 



dzdz' 



\ '^\z-y\>d*\z' -y^yd" I 

.'I<r9r ^ 



Kn (y, z) 



z-y 



+ 



Kn {y, z') 



z' -y 



dzdz' < C. 



\z\,\z'\<2C 

Above bounds for /i and I2 prove the second inequality of (j2.36p . Thus, Lemma 12.91 is proved. 
■ 
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